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It is well known that the entanglement of a quantum state is invariant under local unitary transfor-
mations. It dictates, for example, that the degree of entanglement of a photon pair in a Bell state
remains maximally entangled during propagation in free-space. Here we outline a scenario where this
paradigm does not hold. Using local Bell states engineered from classical vector vortex beams with
non-separable degrees of freedom, so-called classically entangled states, we demonstrate that the
entanglement evolves during propagation, oscillating between maximally entangled (purely vector)
and product states (purely scalar). We outline the theory behind these novel propagation dynamics
and confirm the results experimentally. Crucially, our approach allows delivering a tunable degree
of local entanglement to a distant receiver by simply altering a modal phase delay holographically,
or, in essence, a tractor beam for entanglement. This demonstration highlights a hitherto unnoticed
property of classical entanglement and offers at the same time a device for on-demand delivery of
vector states to targets, e.g., for dynamic laser materials processing as well as switchable resolution
within STED systems.
INTRODUCTION
Under local unitary operations, e.g. when propagating
through a unitary channel, the degree of entanglement
does not change. This is true for both non-local entan-
glement, i.e., between two photons that are physically
separated, and for local entanglement, i.e., between the
internal degrees of freedom of a single photon. Recently,
it has become topical to study the latter, and to mimic
the former, using vector states of classical light [1–6].
This is possible because the central feature of entangle-
ment, non-separability, is not limited to quantum sys-
tems: classical vector beams are likewise non-separable,
e.g. in polarisation and spatial modes. Though the ques-
tion if such fields can be named “classically entangled”
is an ongoing one [1, 4], practically this property has
been exploited for real-time quantum error correction,
communication [7–12], laser materials processing [13–15],
and metrology [16–18]. Also, in imaging [19–22], where
tightly focused radially polarized fields are known to pro-
duce the narrowest spot size [23–26], classcially entan-
gled light fields allow super resolution microscopy tech-
niques [27, 28].
Here, we demonstrate that entanglement can evolve
during propagation in free-space using classically entan-
gled vector vortex beams, non-separable in orbital and
spin angular momentum. We engineer superpositions
of these beams such that the entanglement dynamically
changes upon propagation from fully entangled (com-
pletely non-separable) to no entanglement (fully sepa-
rable), and by a phase adjustment we show transport of
entanglement, reminiscent of tractor beams for particle
transport [29–32]. In this way, the degree of entangle-
ment at a receiver may be altered on demand. The real-
isation may open new avenues in quantum and classical
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communication, as well as in improved materials process-
ing (where vector beams and scalar polarised beams are
crucial) and enhanced, switchable imaging in e.g. STED
microscopy.
MATERIALS AND METHODS
Concept. Consider a vector beam comprising a super-
position of two orthogonally polarised Laguerre-Gaussian
modes |LGlp(x, y)〉 given by [6]
|Ψ±VB〉 =
1√
2
(
eiα |LGl1p1〉 |R〉+ e−iα |LGl2p2〉 |L〉
) · e±ikzz,
(1)
where we assume a propagation in ±z-direction, approx-
imated by the factor e±ikzz, with ~k = (kx, ky, kz) being
the wave vector expressed in terms of the wavelength λ as
k = 2pi/λ. The kets |R〉 and |L〉 represent the unit vec-
tor of right- and left-handed circular polarisation states,
respectively, and α defines the phase relation between
both states. The indices l and p denote the azimuthal
and radial degrees of freedom, respectively, the former
being related to the orbital angular momentum (OAM)
of the Laguerre-Gaussian beam. In the following descrip-
tion we will restrict ourselves to the case l1 = −l2 = l
and p1 = p2 = p but it can be extended to other cases.
Equation (1) can be conveniently written as [33]
|Ψ〉 = √a · |uR〉|R〉+
√
1− a · |uL〉|L〉, (2)
where |LGlp〉 · ei(±α±kzz) = |LGlp〉 eiζR,L are represented
by the ket |uR,L〉 and the relative weightings of |uR〉 and
|uL〉 by a. Moreover, |uR,L〉 satisfies the normalisation
condition 〈uR,L|uR,L〉.
The degree of non-separability (classical entanglement)
E(|Ψ〉) ∈ [0, 1] of a vector field as defined by Eq. (2) can
be computed using tools from quantum mechanics. Here,
we consider the entanglement entropy, originally derived
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2FIG. 1. Schematic representation of the generated field with a z-dependent degree of entanglement. (a) concept, (b) phase
change of radial/ azimuthal beam (top/ bottom) relative to initial phase, (c) absolute value of relative phase difference between
radial and azimuthal beam, (d) change in polarisation upon intensity (top) with corresponding degree of entanglement E
(bottom) for superimposed counter propagating radial and azimuthal vector beam, all depending on propagation distance z
(kzz ∈ [0, pi]). Further, (b) and (c) include the respective polarisation distribution per distance.
for quantum states [34, 35] and later extended to classical
non-separable states [33] as
E(|Ψ〉) = − [a · log2(a) + (1− a) · log2(1− a)] . (3)
Consequently, if we analyse a vector beam |Ψ±VB〉 under
a unitary transformation, i.e. propagation in free space
along ±z-direction (Eq. (1)), where a = 1/2 for all
z values, we observe a spatially invariant degree of
entanglement E(|Ψ±VB〉) = 1.
Remarkably, we can engineer a light field |Ψ(x, y, z)〉
with a z-dependent degree of entanglement E(|Ψ〉, z),
by combining two orthogonal vector beams |Ψ+VB1〉 and
|Ψ−VB2〉, coaxially propagating in opposite directions, as
illustrated in Fig. 1(a). These fields can be generated by
setting αVB1 = 0 and αVB2 = pi/2 in Eq. (1), namely
|Ψ+VB1〉 =
1
2
(|LG−lp 〉 |R〉+ |LGlp〉 |L〉) · eikzz (4)
and
|Ψ−VB2〉 =
1
2
(
ei
pi
2 |LG−lp 〉 |R〉+ e−i
pi
2 |LGlp〉 |L〉
) · e−ikzz,
(5)
with a phase distribution as a function of z as shown
in Fig. 1(b) top and bottom, respectively, for the case
l = 1, p = 0. The normalised field resulting from such a
superposition takes the form
|Ψ〉 =1
2
(
eikzz + i e−ikzz
) |LG−lp 〉|R〉
+
1
2
(
eikzz − i e−ikzz) |LGlp〉|L〉, (6)
3whose polarisation evolution upon propagation for the
regarded example is shown in Figs. 1(c) and (d), respec-
tively. Hereby (c) includes the change of relative phase
between superimposed beams. Now, the degree of entan-
glement, as defined by Eq. (3), for the new vector field
|Ψ〉 is given by
E(|Ψ〉, z) =1− 1
2
[1 + sin(2kzz)] · log2 [1 + sin(2kzz)]−
1
2
[1− sin(2kzz)] · log2 [1− sin(2kzz)] (7)
(details with respect to calculations can be found within
the Supplementary Information). Thus, the state under-
goes a periodic variation in the degree of entanglement
as function of z, as illustrated in Fig. 1(d), bottom,
while the intensity profile remains constant. Full entan-
glement, i.e. maximal non-separability, (E(|Ψ〉) = 1) is
achieved at z = nλ/4, n ∈ N, whereas non-entanglement,
i.e. complete separability, (E(|Ψ〉) = 0) is observed at
z = (2n + 1)λ/8, n ∈ N. Notice that space-variant en-
tanglement of the form E(|Ψ〉, z) can be realised by any
OAM subspace l by superposition of orthogonal vector
fields |Ψ+VB1〉 and |Ψ−VB2〉, as long as they carry the same
radial order p1,2(VB1,2) = p (cf. Supplementary Infor-
mation).
This unique property of the field |Ψ〉 provides a means
to facilitate the transport of a chosen degree of entan-
glement across arbitrary distances, by simply applying
a phase adjustment ϕ, reminiscent of tractor beams [29–
32]. To illustrate this, we can replace the propagation
factor in Eq. (1) by the factor e±i(kzz+ϕ). In this way,
the maximum degree of entanglement (Emax(|Ψ〉) = 1),
for example, can be transported to a position zmax ac-
cording to the expression
zmax(ϕ) =
λ
4
(
m− 2ϕ
pi
)
, m ∈ Z. (8)
This means, any chosen state can be conveyed to a spe-
cific position in space, along the propagation axis, by
simply adjusting the phase ϕ. Moreover, by applying a
time dependent phase shift ϕ(t), it is possible to impart
a time dependent movement of regarded maximum with
an axial velocity given by
vmax(t) = − λ
2pi
∂ϕ(t)
∂t
. (9)
Experimental details. A simple method to generate
the desired light field |Ψ〉, revealing the dynamics of
entanglement, is via an interferometric approach. An
exemplary system is sketched in Fig. 2(a). By com-
bining a Sagnac interferometer with a half-wave plate
(diagonally oriented), a single incident vector beam,
e.g. radially polarized, can be used for the generation
of a standing wave of entanglement E according to Eqs.
(4–6). Note that in each arm of the interferometer,
counter-propagating (green arrows) vector modes of
orthogonal polarisation will give rise to a classically
entangled standing wave, as indicated by a red curve in
one of the arms.
Even if this approach of counter-propagating beams
is very intuitive, the investigation of the light field |Ψ〉
would be challenging as any measuring device inserted
in the path would destroy the classically entangled
field. Here, we propose an alternative approach that
allows us to quantify the spatially varying degree of
entanglement. This approach is based on the engineered
superposition of co-propagating orthogonally polarized
vector modes, as visualized in Fig. 2(b). By applying
digital propagation [36, 37], we are able to artificially
counter-propagate the two modes (red arrows), which
physically co-propagate in the same direction (green
arrows), enabling us to investigate the realised light field
|Ψ〉 along the beam path.
The digital propagation of a light field U(~r, z)
propagating in z-direction is based on the an-
gular spectrum [36, 37], according to which
U(~r, z) = F−1 {F [U(~r, 0)] · eikzz}, where, ~r = (x, y, z)
is the coordinates in real space and F , F−1 the Fourier
and inverse Fourier transforms, respectively. Follow-
ing this, by the application of Fourier holograms in
combination with a phase shift ±kzz, encoded on a
spatial light modulator (SLM), we were able to digitally
propagate a light field in ±z-direction. In order to
independently control the phase shift of each vector
mode, to artificially generate counter-propagating vector
modes, we developed a new method that facilitates the
generation of any vector beam using a multiplexing
approach enable by an SLM. This method allows not
only simultaneous generation of multiple vector modes
but also their independent manipulation, such as digital
propagation.
The idea behind our method is to encode a superposi-
tion of different holograms, each with a different spatial
carrier frequency (blazed grating), on a single SLM [38].
Thus, each beam is sent to different transverse positions
in space that allows manipulating their polarisation
independently, as required for vector beam generation.
For example, to generate a radially polarised vector
beam we multiplexed the corresponding holograms to
create two helical LG-beams with opposite topological
charges (l = ±1) on the SLM. A half-wave plate
placed in the path of one beam changes its polarisation
from horizontal to vertical. Both beams were then
recombined and passed through a quarter-wave plate
to change horizontal and vertical polarisations into left-
and right-circular polarisations, respectively, generating
in this way the desired vector beam.
In the present case, where we realised a superposition
of two cylindrical vector beams VB1,2 (see Fig. 2(c),
red box, and (d)), four vortex beams were multiplexed
in the SLM (SLM1; Fourier holograms), manipulated
accordingly and (counter-)propagated digitally (Fourier
relation between SLM1 and SLM2 by lens L1) to
generate the desired field |Ψ〉 within the observation
plane (SLM2). In this way, the detection system may
remain static while the created vector beams artificially
propagate in opposite directions. Beyond this, applying
4FIG. 2. Sketch of experimental concept: Approach of (a) counter- and (b) co-propagating vector modes for the realisation of
the light field |Ψ〉. (c) Applied system for generation (red box) and analysis (blue box, (e)) of |Ψ〉 with experimental steps
indicated in (d). SLM1,2: spatial light modulator | λ/2: half-wave plate | λ/4: quarter-wave plate | M: mirror | BS1,2: beam
splitter | L1,2: lens | CCD: camera.
a time varying phase shift for digital propagation by
the SLM facilitates the transport of a chosen degree of
entanglement to arbitrary positions similar to the case
of tractor beams.
Theory of entanglement entropy. For the analy-
sis of the realised light field |Ψ〉, we determine the de-
gree of classical entanglement, i.e. the degree of non-
separability, in different (x, y)-planes. An appropriate
tool for this is the quantum mechanics entanglement en-
tropy [33, 34]
E = h
(
1 + s
2
)
, (10)
with h(r) = −r log2(r) − (1 − r) log2(1 − r). Here, s is
the length of the Bloch vector given by s =
(∑
i〈σi〉2
)1/2
with i = {1, 2, 3}. By 〈σi〉 the expectation values of the
Pauli operators are represented. These values are ob-
tained by a set of 12 normalised, on-axis intensity mea-
surements or six identical measurements for two different
basis states [33, 39].
We chose circular polarisation as basis. As a con-
sequence, the projection measurements are given by
two modes carrying OAM of topological charge l
and −l, in addition to four superposition states rep-
resented by exp(ilφ) + exp(iγ) exp(−ilφ) with γ =
{0, pi/2l, pi/l, 3pi/2l} (φ: azimuthal angle in polar co-
TABLE I. Normalised intensity measurements Iuv for the de-
termination of expectation values 〈σi〉.
Basis states l = 1 l = −1 γ = 0 pi/2 pi 3pi/2
Left circular |L〉 I11 I12 I13 I14 I15 I16
Right circular |R〉 I21 I22 I23 I24 I25 I26
ordinates). In the case at hand, we investigate vector
modes of first order (cf. results section), hence, projec-
tion measurements are performed for l = 1.
According to Table I, the expectation values 〈σi〉 are
calculated from
〈σ1〉 = (I13 + I23)− (I15 + I25), (11)
〈σ2〉 = (I14 + I24)− (I16 + I26), (12)
〈σ3〉 = (I11 + I21)− (I12 + I22). (13)
To determine the entanglement entropy E experimen-
tally, we measure the on-axis intensity values Iuv with
u, v ∈ {1, 2, 3}, as indicated in Fig. 2(c), blue box, and
(e). Therefore, polarisation projections are performed by
the use of a quarter-wave plate (λ/4) set to ±45◦ in com-
bination with a polarisation sensitive spatial light modu-
lator (SLM2), and OAM projections by a phase pattern
on this modulator. The respective phase pattern is car-
5rying the information of all six OAM projections, each of
them assigned to another spatial carrier frequency [39].
The application of this demultiplexing hologram results
in six outputs on the CCD camera (Fig. 2(e)) positioned
in Fourier relation with the observation plane (SLM2) by
a lens (L2), enabling a single-shot measurement for each
polarisation basis.
For the entanglement entropy analysis in different (x, y)-
planes of the light field, artificial propagation in ±z-
direction is applied. Further, intensities Iuv for different
planes are normalised by I11+I12+I21+I22 for left- and
right-circular polarisation basis.
RESULTS AND DISCUSSION
To verify that the field |Ψ〉, engineered in the described
way, follows the entanglement dynamics predicted by
Eq. (7), we experimentally generated and superimposed
two orthogonal vector beams (according to Eqs. (4)
and (5)), using the setup shown in Fig. 2(c), indicated
by the red box. For simplicity but without the loss of
generality, we chose first-order radially and azimuthally
polarised modes with l = 1 and p = 0. Close ups to the
different sections of the generation process are shown in
(d). The desired light field |Ψ〉 is realised in the Fourier
plane (SLM2, observation plane) of SLM1.
The artificially generated field |Ψ〉 can be separated
into its |R〉 and |L〉 parts, each of those including two
counter-propagating LG-modes of the same helicity. For
each polarisation, one mode propagates in positive +z-
direction and the other one in negative −z-direction,
achieved through digital propagation enabled by SLM1.
The digital propagation was encoded on the SLM as
exp[±i (kzz + ϕ)], whereby we chose ϕ to be a discrete
phase offset of −pi/4. Using a CCD camera positioned
in the observation plane, we recorded the intensity pro-
file of |R〉 and |L〉 components separately by shutting
beams 3 and 4 or 1 and 2 (cf. Fig. 2(c), (d)), re-
spectively. The results are shown in Figure 3. In Fig.
3(a), we show the simulated transverse intensity profile
of |Ψ〉 when a horizontally aligned polariser is positioned
in front of the CCD, reflecting the polarisation distri-
bution illustrated in Fig. 1. The normalised intensity
profiles for the |R〉 (beam 1+2) and |L〉 (beam 3+4) po-
larisation components are shown in Fig. 3(b) and (c),
respectively, for different positions kzz + ϕ ∈ [0, pi] (ar-
row at the bottom). For both, |R〉 and |L〉 parts, we
observe a sinusoidal variation of intensity depending on
kzz + ϕ, representing a longitudinal interference pattern
of included beams. Furthermore, the variation in inten-
sity for |R〉 and |L〉 is out of phase, i.e. |R〉 components
carry maximum intensity while |L〉 parts are at mini-
mum and vice versa. This behavior is attributed to the
phase shift αVB1,2 used to create orthogonally polarised
vector beams (cf. Eq. (14)). Moreover, these counter-
fluctuating intensities evinces the variation between pure
vector and pure scalar beam for |Ψ〉: If |R〉 (|L〉) polarised
components are at maximum, while |L〉 (|R〉) parts disap-
pear, |Ψ〉 is represented solely by |R〉 (|L〉) components,
thus, the light field is purely scalar with E(|Ψ〉, z) = 0,
kzz + ϕ = {0, pi/2, pi}. In contrast, if |R〉 and |L〉 parts
are of equal intensity, |Ψ〉 is a pure vector mode with
E(|Ψ〉, z) = 1, kzz + ϕ = {pi/4, 3pi/4}. Between these
extreme cases, a smooth transition is found (cf. (a)).
FIG. 3. Intensity profile of the engineered light field |Ψ〉 for
various z-positions in units of kzz + ϕ (ϕ = −pi/4). (a) Nor-
malised intensity profile of the field |Ψ〉, passing through a
horizontally aligned polarizer (data from simulation). Exper-
imental results of counter-oscillating intensities for (b) |L〉 and
(c) |R〉 polarisation components.
FIG. 4. (a) Typical intensity images acquired with a CCD
camera to determine the degree of entanglement E showing
the case of a scalar beam. The corresponding intensities Iuv
with u, v ∈ {1, 2, 3}, arranged according to Table I for the
cases of a (b) scalar, (c) semi-vector and (d) vector beams,
with corresponding values E = 0.05, 0.54, and 0.96, respec-
tively.
Entanglement oscillation. To quantitatively verify
the longitudinal entanglement oscillation of |Ψ〉, we
performed an entanglement entropy analysis while dig-
itally propagated the field. By this, we determined the
degree of entanglement E(|Ψ〉, z) ∈ [0, 1], as a function
of kzz + ϕ. The respective experimental method is
visualized in Fig. 2(c) (blue box) and (e).
Figure 4(a) shows typical intensity images obtained
in experiments per z-distance and from which E is
computed. The illustrated case corresponds to the scalar
6FIG. 5. Propagation dynamics of entanglement: (a) Entanglement analysis of pure radial vector mode (black triangles) and
created light field |Ψ〉. Measured E as a function of kzz+ϕ (ϕ = −pi/4) of the latter is marked by black circles filled according
to ratio between |L〉 and |R〉 parts (see scale bar). Exemplary modes are shown as green insets. Black dashed curve represents
theoretical fit according to Eq. (7). (b) Respective intensity IR,L of |R〉 (red fit, black filled diamonds) and |L〉 (blue fit, black
hollow diamonds) components of |Ψ〉 oscillating out of phase.
field shown in Fig. 4(b). Figures 4(b), (c) and (d)
shows the intensity values, normalised and arranged in
the form of Table I. Here, we show three cases: scalar,
semi-vector and vector beam with corresponding values
E = 0.05, 0.54 and 0.96, respectively. The complete set
of experimental E values obtained as a function of the
propagation distance z are presented in Fig. 5. Here,
the degree of entanglement (a) and normalised intensity
of right-/ left-handed circularly polarized light IR,L (b)
are illustrated as a function of kzz+ϕ. Errors of kzz+ϕ
are given by SLM flickering (±pi/16), whereby error bars
for E (±0.05) or IR,L (±0.03) are given by inaccuracies
within the experimental method/ system.
For comparison, we experimentally performed entan-
glement analysis of a pure radial vector mode (beam
1+3). As theoretically expected (cf. Materials and
Methods, Theory), this beam reveals an entanglement
entropy of approximately 1 for all propagation distances,
as depicted by black triangles in (a). In contrast, the
entanglement dynamics of the engineered beam |Ψ〉
given by Eq. (6), confirms our theoretical predictions,
oscillating between pure scalar and pure vector as shown
in Fig. 5(a). Data is represented by black circles filled
according to the ratio between included |L〉 (blue) and
|R〉 (red) polarised parts (see scale bar). Green insets
indicate the modes of light at specific positions. The
experimental results reflect the theoretical description
in Eq. (7) with kzz replaced by kzz + ϕ
′ perfectly, as
illustrated by the according fit in (a) (black dashed
curve). The fitting parameter ϕ′ has a value of −0.71,
thus, almost matches chosen setting of ϕ = −pi/4.
Figure 5(b) shows simultaneously determined counter-
fluctuating intensity curves for |L〉 (blue fit, black hollow
diamonds) and |R〉 (red fit, black filled diamonds). Ob-
viously, these curves mirror the propagation dynamics
of entanglement and the involved variation in ratio
between |L〉 and |R〉 demonstrated in (a). A slight shift
with respect to positions of extrema of |L〉 and |R〉 can
be observed which reflects the deviation between ϕ and
ϕ′. Our results prove that by adjusting ϕ it is possible
to transport a desired degree of entanglement in |Ψ〉 to
a predefined z-position.
7Our results highlight the fact that it is possible to engi-
neer vectorial light fields whose degree of non-separability
oscillates in free-space, from fully vector to fully scalar,
as function of the propagation distance. While we have
restricted ourselves to first-order vector vortex beams for
the demonstration, the concept we outline here is more
general and can be applied to higher-order vortex modes
as well as, in principle, any vector state with judicious
choice of degree of freedom. The surprising result is that
our entanglement dynamics take place in free-space un-
der unitary conditions. We emphasis that while we have
performed our experiments with coherent states for con-
venience, the same results are obtained for local entan-
glement of internal degrees of freedom of a single pho-
ton. Neither theory nor experiments differentiate be-
tween these two cases, thus, addressing hot questions as
to the notion of local and classical entanglement and its
propagation dynamics.
An important aspect of this work is the practical ap-
proach to the generation and propagation of the fields. It
is possible to engineer the desired effect using a Sagnac
interferometer in which an input radially polarised vector
beam is split into two beams traveling along each arm:
one of the beams is switched to azimuthal polarisation,
with a half-wave plate, and interfered with the radially
polarised beam. In the third arm, both beams propagate
in opposite directions bearing orthogonal states of po-
larisation, generating in this way a standing wave whose
degree of entanglement varies along the propagation axis.
This generating approach does not allow one to experi-
mentally measure the entanglement nor to deliver a de-
sired state to some location. We offer a more powerful
approach that utilises digital generation and propagation
enabled by a SLM. This approach allowed us to manip-
ulate each vector beam independently and among other
things to perform digital propagation on each. Hence
both vector beams propagate in a collinear fashion in
a manner that simulates propagation in opposite direc-
tions. This approach of generation and propagation en-
abled us to realise a vector field with a non-constant de-
gree of entanglement that can be changed in time and
space by simply changing the displayed hologram. Im-
portantly, this approach allowed us not only to monitor
the degree of non-separability but also to deliver specific
states to arbitrary positions along the propagation direc-
tion. We believe this approach and result will broaden
the applications of vector beams, for example, by ad-
justing in real time the vector state of light at a tar-
get plane for laser materials processing, say from circu-
larly polarised to radially with only a hologram change,
within a small volume for micro-fluidic control, and by
adjusting the mode at the focal region in STED sys-
tems. All would benefit from a virtual propagation of
co-propagating modes of the type described here.
CONCLUSION
We have demonstrated that by exploiting complex
modes of light it is possible to have an oscillating degree
of local entanglement during propagation, even though
the medium is considered unitary, i.e., a medium where
the entanglement should not change. In essence we have
created the first tractor beam for local entanglement,
able to deliver a known degree of entanglement to some
target plane. We have shown this with entangled inter-
nal degrees of freedom of polarisation and spatial mode,
and while our experiment was classical the results hold
equally well for local entanglement of internal degrees
of freedom of a single photon. Our approach highlights
intriguing questions about the notion of entanglement
dynamics and offers a new tool for the delivery of con-
trolled vector states to targets, which we believe will be of
practical value to a range of communities, from materials
processing to imaging.
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9SUPPLEMENTARY INFORMATION
Superposition of counter-propagating orthogonal
vector fields – Theory
The realisation of the light field |Ψ(x, y, z)〉 with a spa-
tially varying degree of entanglement E(|Ψ〉, z) was ob-
tained by combining two orthogonal vector beams VB1
and VB2 propagating in opposite z-directions. These vec-
tor modes represented by |Ψ+VB1〉 and |Ψ−VB2〉 are gener-
ated by setting αVB1 = 0 and αVB2 = pi/2, respectively,
with l = l1 = −l2 and p = p1 = p2 (cf. Eq. (1)). The
resulting light field of the superposition can be written
as
|Ψ〉 = 1√
2
(|Ψ+VB1〉+ |Ψ−VB2〉)
=
1
2
(|LG−lp 〉 |R〉+ |LGlp〉 |L〉) · eikzz
+
1
2
(
ei
pi
2 |LG−lp 〉 |R〉+ e−i
pi
2 |LGlp〉 |L〉
) · e−ikzz.
(14)
Regrouping terms with same polarisation leads to
|Ψ〉 =1
2
(
eikzz + i e−ikzz
) |LG−lp 〉|R〉
+
1
2
(
eikzz − i e−ikzz) |LGlp〉|L〉 (15)
Non-separability in orthogonal superpositions of
vector fields – Theory
The degree of non-separability of a vector field given
by
|Ψ〉 = √a · |uR〉|R〉+
√
1− a · |uL〉|L〉, (16)
can be computed as [33]
E(|Ψ〉) = − [a · log2(a) + (1− a) · log2(1− a)] . (17)
Comparing Eqs. (15) and (16), considering that |uR,L〉 =
|LGlp〉 · eiζR,L , one can see that
√
a · eiζR =1
2
(
eikzz + i e−ikzz
)
=
1
2
[cos(kzz) + sin(kzz)] +
i
1
2
[cos(kzz) + sin(kzz)] . (18)
Hence, ζR = pi/4 (= −ζL) and
√
a =
∣∣∣∣12 (eikzz + i e−ikzz)
∣∣∣∣
a =
1
4
(
eikzz + i e−ikzz
) · (eikzz + i e−ikzz)∗
=
1
4
(
eikzz + i e−ikzz
) · (e−ikzz − i eikzz)
=
1
4
[
2− i(ei2kzz − e−i2kzz)]
=
1
4
{2− i(2i sin(2kzz))}
=
1
2
[1 + sin(2kzz)]. (19)
Substitution of a into Eq. (17) yields
E(|Ψ〉, z) = −1
2
[1 + sin(2kzz)] log2
{
1
2
[1 + sin(2kzz)]
}
−
1
2
[1− sin(2kzz)]) log2
{
1
2
[1− sin(2kzz)]
}
.
(20)
The above equation can be finally written as
E(|Ψ〉, z) =1− 1
2
[1 + sin(2kzz)] · log2 [1 + sin(2kzz)]−
1
2
[1− sin(2kzz)] · log2 [1− sin(2kzz)] . (21)
Counter-propagating higher-order vector modes
FIG. 6. Space-variant degree of entanglement by counter-
propagating vector modes of higher order with (a) l = 2,
p = 0 and (b) l = 2, p = 1. Initial modes are shown at the
right and left edge, whereby central images present different
transverse planes (intensity + polarisation) within |Ψ〉. Re-
spective degree of entanglement E depending on kzz + ϕ is
depicted by red curve.
The realisation of spatially varying degree of entan-
glement of the form E(|Ψ〉, z) is not only facilitated by
first-order vector modes with l = 1 and p = 0 but
10
also by the application of higher-order modes [40] with
|l| > 1 and p > 0. In this case, vector modes |Ψ+VB1〉
and |Ψ−VB2〉 still represent counter-propagating modes,
whereby l = l1 = −l2 and p = p1 = p2 (cf. Eq. (1))
for both vector modes, as indicated within the theoreti-
cal description above. If these requirements are fulfilled,
different light fields |Ψ〉 according to Eq. (6) can be cre-
ated. Figure 6 sketches two examples of these fields with
(a) l = 2, p = 0 and (b) l = 2, p = 1. Here, different
transverse planes of |Ψ〉 (normalised intensity + polar-
isation) are illustrated for chosen propagation distances
z. The respective degree of entanglement E is visualized
by the red curve between (a) and (b), whereby the arrow
shows corresponding values of kzz + ϕ with [0, pi/2] and
[pi/2, pi] belonging to first and second line of (a) and (b).
Initial vector modes propagating in +z- and −z-direction
are indicated at the left and right edge, respectively. Note
that, function E(|Ψ〉, z) is independent of chosen mode
numbers l and p, even if other characteristics as inten-
sity and polarisation of respective light field |Ψ〉 change
according to l and p.
